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Abstract. We provide an effective ramification theorem for the ratio of canonical forms 
of a weakly complete flat front in the hyperbolic three-space. Moreover we give the two 
^ . applications of this theorem, the first one is to show an analogue of the Ahlfors islands 

theorem for it and the second one is to give a simple proof of the classification of complete 
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nonsingular flat surfaces in the hyperbolic three-space. 
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^ ■ Introduction 
Q 

It is well-known that any complete nonsingular flat surface in the hyperbolic 3-space 
H'^ must be a horosphere or a hyperbolic cylinder, that is, a surface equidistance from a 
geodesic ([20], [21]). However if we consider fiat fronts (namely, projections of Legendrian 
immersions) and define the notion of weakly completeness, there exist many examples and 
I interesting global properties. For instance, more recently, Martin, Umehara and Yamada 
O ! IE] showed that there exists a weakly complete bounded fiat front in H^. 

The ratio p of canonical forms plays important roles in investigating the global proper- 
^ ' ties of weakly complete fiat fronts in H^. Indeed, Kokubu, Rossman, Saji, Umehara and 
Yamada [8] showed that a point p is a singular point of a fiat front in H^ if and only if 
\p[p)\ = 1. Moreover the author and Nakajo |6] obtained the best possible upper bound 
for the number of exceptional values of p of a weakly complete fiat front in H'^. 

The purpose of the present paper is to study the value distribution properties of the 
ratio of canonical forms of weakly complete fiat fronts in H^. The paper is organized as 
follows: In Section 1, we recall some definitions and fundamental properties of fiat fronts 
in H^, which are used throughout this paper. In Section 2, we provide a ramification 
theorem for the ratio of canonical forms of a weakly complete fiat front in H^ (Theorem 
12. 2p . The theorem is effective in the sense that it is sharp (see Corollary 13.41 and the 
comment below) and has some applications. We note that it corresponds to the defect 
relation in Nevanlinna theory ([7], [15], [16] and [H]). In Section 3, we give the two 
applications of this theorem. The first one is to show an analogue of a special case of the 
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Ahlfors Islands Theorem [21 Theorem B.2] for the ratio of canonical forms of a weakly 
complete flat front in (Corollary 13 .Sp . We remark that Klotz and Sario [11] investigated 
the number of islands for the Gauss map of minimal surfaces in the Euclidean 3-space 
R^. The second one is to give a simple proof of the classification of complete nonsingular 
fiat surfaces in (Corollary I3.5p . 

Finally, the author would like to particular thank to Masatoshi Kokubu, Junjiro Noguchi, 
Yusuke Okuyama, Wayne Rossman, Masaaki Umehara and Kotaro Yamada for their use- 
ful advice. 

1. Preliminaries 

We briefiy summarize here definitions and basic facts on fiat fronts in H"^ which we 
shall need. For more details, we refer the reader to [1], [5], [8], [9], [TO], [12], [13] and [T9] . 

Let be the Lorentz-Minkowski 4-space with inner product of signature (— , +, +, +). 
Then the hyperbolic 3-space is given by 

(1.1) = {(Xo, Xi, X2, Xg) e I - {Xof + {Xif + (^2)' + (Xg)' = -1, Xq > 0} 

with the induced metric from L'^, which is a simply connected Riemannian 3-manifold 
with constant sectional curvature —1. Identifying with the set of 2 x 2 Hermitian 
matrices Herm(2)= {X* = X} (X* := *X) by 



1.2) (xo,Xi,X2,X3) ^ — > 



Xq + X3 Xi + iX2 
Xl — iX2 Xq — X3 



where i = V— 1, we can write 

(1.3) = {X e Herm(2) ; detX = l,traceX > 0} 

= {aa*; ae SL{2,C)} 

with the metric 

(X, Y) = trace (XF), (X, X) = - det(X) , 

where Y is the cofactor matrix of Y. The complex Lie group PSL{2, C) := SL{2, C) / {±id} 
acts isometrically on by 

(1.4) 3 X I — > aXa* , 

where a E PSL{2,C). 

Let S be an oriented 2-manifold. A smooth map / : S — t- is called a front if there 
exists a Legendrian immersion 

into the unit cotangent bundle of whose projection is /. Identifying T*H^ with the 
unit tangent bundle TiH^, we can write Lf = {f,n), where n{p) is a unit vector in Tj(p)H^ 
such that {df{p),n{p)) = for each p G M. We call n a unit normal vector field of the 
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front /. A point p G S where rank ((i/)^ < 2 is called a singularity or singular point. A 
point which is not singular is called regular point, where the first fundamental form is 
positive definite. 

The parallel front ft of a front / at distance t is given by ft{p) = Expj(-p-)(tn(p)), where 
"Exp" denotes the exponential map of H^. In the model for as in ( II. ip . we can write 

(1.5) ft = (cosht)/ + (sinht)n, Ut = (cosht)?7, + (sinht)/ , 

where Ut is the unit normal vector field of ft- 

Based on the fact that any parallel surface of a flat surface is also flat at regular points, 
we define flat fronts as follows: A front / : S — > H'^ is said to be flat if, for each p G M, 
there exists a real number t G R such that the parallel front ft is a flat immersion at p. 
By definition, {ft} forms a family of flat fronts. We note that an equivalent definition of 
flat fronts is that the Gaussian curvature of / vanishes at all regular points. However, 
there exists a case where this definition is not suitable. For details, see [131 Remark 2.2]. 

We assume that / is flat. Then there exists a (unique) complex structure on S and a 
holomorphic Legendrian immersion 

(1.6) £/:S^5L(2,C) 

such that / and Lf are projections of Sf, where S is the universal covering surface of 
E. Here Sf being a holomorphic Legendrian map means that Sj^dSj is off-diagonal (see 
[1]; [12], [E]). We call £f the holomorphic Legendrian lift of /. The map / and its unit 
normal vector field n are 

(1.7) / = £f£}, n = SfC^S}, eg = 
If we set 

(1.8) SJ^^, ^ ( « « ) 

the first and second fundamental forms ds"^ = {df, df) and dK^ = —{df, dn) are given by 

(1.9) ds^ = \u + e\^ = Q + Q + {\uj\^ + \e\^), Q = ue 
dh^ = \e\'~\u\'' 

for holomorphic 1-forms u and 6 defined on S, with \u\'^ and \6\'^ well-defined on S itself. 
We call u and 6 the canonical forms of /. The holomorphic 2-differential Q appearing in 
the (2, 0)-part of ds'^ is defined on S, and is called the H op f differential of f. By definition, 
the umbilic points of / coincide with the zeros of Q. Defining a meromorphic function on 
S by the ratio of canonical forms 

(1.10) p=-. 
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then IpI : S — )■ [0, +00] is well-defined on S, and p G S is a singular point if and only if 

\p{p)\ = im)- 

Note that the (1, l)-part of the first fundamental form 
(1.11) dsl, = + 1^1' = (1 + IpHIwI' 

is positive definite on S because it is the pull-back of the canonical Hermitian metric of 
SL(2, C). Moreover 2ds'l ^ coincides with the pull-back of the Sasakian metric on T^*H^ 
by the Legendrian lift Lf of f (which is the sum of the first and third fundamental forms 
in this case, see [HI Section 2] for details). The complex structure on E is compatible 
with the conformal metric dsli- Note that any fiat front is orientable (|9l Theorem B]). 
In the present paper, for each fiat front /: S — H^, we always regard E as a Riemann 
surface with this complex structure. A fiat front / : E — )• H'^ is said to be weakly complete 
if the metric dsl as in (11. lip is complete. We note that the universal cover of a weakly 
complete fiat front is also weakly complete. 

Finally, we give examples which play important roles in the following sections. 

Example 1.1 ([131 Example 4.1], fiat fronts of revolution). Let E = C U {00} and set 

(1 — a)'' 

for some constants a G R\{1} and c G R. We define E by E = E\{0} for the case where 
a = and E = E\{0, 00} for the case where a 7^ 0, respectively. Then we can construct 
a fiat front /: E — t- whose canonical forms are u and 6. Indeed, these data give a 
Legendrian immersion 

/ ^-a/{l-a) ca2V(l-«) \ 

c _ c 1 — a 

\ c 1 — a / 

and the corresponding fiat front / = SS* is well-defined on E. Moreover / is weakly 
complete because, for each end p G E\E of /, it holds that 

ordpdsl ^ = minjordplcup, ordp|6'p} < —1. 

The ratio of canonical forms of / is given by 

p=- = _ J^^^2(l+a)/(l-a)_ 

uj 1 — a 

Thus if a = or —1, then p is constant. We note that / is a horosphere if a = or a 
hyperbolic cylinder if a = — 1. 



Moreover we can obtain weakly complete fiat fronts in of Voss type ( |17l Theorem 
8.3], [22]). 
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1^ = 1 , P = C 



Proposition 1.2. Let E be an arbitrary q points on the Riemann sphere, where q < 3. 
Then there exists a weakly complete flat front in whose image of the ratio of canonical 
forms omits precisely the set E. 

Proof. We set E = {ai, . . . , a^.i, aq} C C U {oo} and S := C U {oo}\i?. Then we 
may assume without loss of generahty that 0:^ = 00. We take a holomorphic universal 
covering map ^ : S — S, where S is either the complex plane C or the unit disk. If we 

set 

nL"i(e-«,- 

and use the representation (11.61) . (11. 7p and (11.81) on S, we obtain a flat front in 
whose the ratio of canonical forms omits precisely the points of E. Moreover it is weakly 
complete. Indeed, a divergent curve F in E must tend to one of the point Wi {1 < i < q), 
and we have 

when g < 3. □ 

2. Main theorem 

In this section, we give an effective ramification theorem for the ratio of canonical forms 
of a weakly complete fiat front in H^. We first recall the case where the ratio is constant. 

Fact 2.1. [6, Propotion 4.4] Let /: S — )■ be a weakly complete flat front. If the ratio 
of canonical forms of f defined by U.10\) is constant, then f is congruent to a horosphere 
or a hyperbolic cylinder. 

The following is the main result of the present paper. 

Theorem 2.2. Let / : S — )■ 6e a weakly complete flat front. Let g G N, ai, . . . , G 
C U {00} be distinct and mi, ■ ■ ■ , rrig G N. Suppose that 

(21) 'r-t(^-^)>3' 



J = l 



// the ratio of canonical forms p: S — > C U {00} of f satisfies the property that all ap- 
points of p have multiplicity at least mj, then f must be congruent to a horosphere or a 
hyperbolic cylinder. 

Before proceeding to the proof of Theorem 12.21 we recall two function-theoretical lem- 
mas. For two distinct values a, /3 G C U {00}, we set 
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if a 7^ oo and /3 7^ 0, and |a, oo| = |oo,a| := 1/a/1 + Note that, if we take Vi, 
V2 € with a = ^{vi) and /3 = w{v2), we have that is a half of the chordal 

distance between vi and V2, where w denotes the stereographic projection of the 2-sphere 
onto C U {00}. 

Lemma 2.3 ([3, Corollary 1.4.15]). Let p be a nonconstant meromorphic function on 
A/j = {z G C; \z\ < R} {0 < R < 00) . Let g G N, ai, . . . , G C U {00} be distinct and 
mi, • ■ ■ , mq G N. Suppose that 

// p satisfies the property that all a j -points of p have multiplicity at least rrij, then, for 
arbitrary constants rj > and 6 > with 7 — 2 > 7(77 + 5), it holds that 





\p'\ 


1 


^ + \p\HUU\ 


\p,aj\ 


l—l/rrij ^ 1— r;— (5 



R^ - |2|2' 

where C is some constant depending only on 7, r], 6, and L := minj<j|aj, 

Lemma 2.4 ([3, Corollary 1.6.7]). Let rfcr^ be a conformal flat metric on an open Rie- 
mann surface S. Then, for each point p G S, there exists a local diffeomorphism $ of 
a disk Afi = {z E C; \z\ < R} {0 < R < +00) onto an open neighborhood of p with 
$(0) = p such that ^ is a local isometry, that is, the pull-back ^*{da'^) is equal to the 
standard Euclidean metric ds\^^ on Aji and, for a point with |ao| = 1, the ^ -image 
of the curve Lag = {w := aos ; < s < R} is divergent in S. 

Proof of Theorem \2.B. This is proved by contradiction. Suppose that p is nonconstant. 
For our purpose, we may assume = 00 and that S is biholomorphic to the unit disk 
because Theorem 12.21 is obvious in the case where S = C by Nevanlinna theory [151 
Section 3 in Chapter X]. We choose some 5 such that 7 — 3 > 27^ > and set 

7-3-27^ , 1 
(2.3) T] := , A 



7 1 + 7^ 

Then if we choose a sufficiently small positive number 5 depending only on 7, for the 
constant £0 = (7 ~ 3)/27 we have 

(2.4) 0<A<1, I^(=1Z1\^1. 



\dz\ 



2725 

Now we define a new metric 

/ 1 9-1/ In n\ \ 2A/(1-A) 



on the set S' = G S; p'^{z) 7^ and p{z) = aj for all j} where u = h^dz, p'^ = dp/dz 
and rjj = l — l/rrij. Take a point p G S'. Since the metric da^ is fiat on E', by Lemma [231 
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there exists a local isometry $ satisfying $(0) = p from a disk A/j = {2; G C; |2;| < R} 
[0 < R < +00) with the standard metric ds"^^^^ onto an open neighborhood of p in S' 
with the metric dcr^ such that, for a point with |ao| = 1, the $-image of the curve 
Lao — ; < s < i?} is divergent in S'. For brevity, we denote the function po $ 

on Ar by p in the foUowings. By Lemma 12.31 we get 



(2.6) R < n 1/^(0)' ".r^^^-"-^^ < + 



|P'.(0)| 



00 . 



Hence 



Ldai^ao) = da = R< +00, 



2 



where Lda(Xao) denotes the length of Ta^ with respect to the metric da 

Now we prove that Tag is divergent in S. If not, then Tag must tend to a point po G 
where p'^ipo) = or p(po) = for some j because is divergent in S' and Lrfa.(raQ) < 
+00. Taking a local complex coordinate ^ in a neighborhood of Pq with C(Po) = 0, we can 
write the metric da"^ as 

da^ = \C\^>^^/(^-%\dz\^ 

with some positive smooth function v and some real number k. If p — aj has a zero of 
order m{> rrij > 2) at po for some j < g — 1, then p'^ has a zero of order m — 1 at po and 
hz{po) 7^ 0. Then we have 

k = —(m — 1) +771(1 ](l — 7] — 6) 

771 771 , 

= 1 m, -l 77 + 5 

rrij rrij 

For the case where p has a pole of order m(> m^), p'^ has a pole of order m + 1, /i^ has a 
zero of order m at and each component p — in the right side of (12. 5 p has a pole of 
order m at po- Using the identity r/i + ■ ■ ■ + r/g-i = 7 — "/^g and (12. 4p . we get 

/c = — + (m + 1) - m(7 - ?7q)(l - - 5) 
A 

= m7]g{l — T] — 6) — {771 — 1) < —Eo . 

Moreover, for the case where p'^ipo) = and p{po) 7^ aj for all j, we see k < —1. Thus, 
in any case, k\/{l — A) < — 1 by (12. 4p and there exists a positive constant C such that 

in a neighborhood of Pq. Hence we have 

MCI , 



= / da>C' 

'Vao JVan Kl 



which contradicts (12.61) . 
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On the other hand, since da"^ = we obtain by fl2.5p 

(2.7) \h.\=[\Pz\l[ 

V i=i 



By Lemma [2. 3[ we have 



A 

\dz\ 





Ip'J 


1 


1 + 1/ 




\p, aj 

A 


r?j(l-'A;-<5) 



< c 

Thus if we denote the distance d{p) from a point p G S to the boundary of S as the 
greatest lower bound of the lengths with respect to the metric dsf ^ of all divergent paths 
in S, then we have 

d{p) < [ ds,,i = [ =C^ [ f ^, M^l < C^'^ < +00 

JVao JLao J Lao " F| / i " A 

because < A < 1. However it contradicts the assumption that ds\ ^ is complete. □ 



3. Applications 
This section is devoted to prove two applications of the main theorem. 

3.1. The Ahlfors Islands Theorem. We recall the definition of an island of a mero- 
morphic function on a Riemann surface. 

Definition 3.1. Let S be a Riemann surface and / : S — )■ C U {oo} a meromorphic 
function. Let V C C U {oo} be a Jordan domain. A simply-connected component U of 
f^^(y) with f/ C S is called an island of / over V . Note that f\u: t/ — i- V is a proper 
map. The degree of this map is called the multiplicity of the island U . An island of 
multiplicity one is called a simple island. 

Since the ratio p of canonical forms of a flat front f : H H'^ is a meromorphic function 
on E, we can consider an island of p. When all islands of p are small disks, we get the 
following result by applying Theorem 12.21 

Corollary 3.2. Let f : 11 ^ "H? he a weakly complete flat front. Let g G N, ai, . . . , G 

C he distinct, D{aj,6) := {z E C : \z — aj\ < £} (1 < j < q) he pairwise disjoint and 
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mi, ... , niq G N. Suppose that 



(3.1) 




Then there exists e > such that if the ratio of canonical forms of f has no island of 
multiplicity less than rrij over D{aj, e) for all j G {1, . . . , g} then f must be congruent to 
a horosphere or a hyperbolic cylinder. 

Proof. If such an e does not exist, for any e, we can find a weakly complete flat front 
whose the ratio of canonical forms p is nonconstant and has no island of multiplicity less 
than rrij over D{aj,e). However this implies that all ctj-points of p have multiplicity at 
least rrij, contradicting Theorem 12. 2[ □ 

The important special case of Corollary 13.21 is the case where q = 7 and rrij = 2 for 
all j. This corresponds to a weak version of the so-called Five Islands Theorem in the 
Ahlfors theory of covering surfaces ([1], [151 Chapter XIII]). 

Corollary 3.3. Let / : S — > H'^ be a weakly complete flat front. Let ai, . . . , 07 G C 

be distinct and D{aj,e) := {z & C : \z — aj\ < £} (1 < j < 7). Then there exists e > 
such that if the ratio of canonical forms p of f has no simple island of over any of the 
small disks D{aj,e) then f must be congruent to a horosphere or a hyperbolic cylinder. 

3.2. The classification of complete fiat surfaces in H^. As another application of 
Theorem 12.21 we obtain the best possible upper bound for the number of exceptional 
values of the ratio of canonical forms of a weakly complete flat front in H^. 

Corollary 3.4 ([G^ Theorem 4.5]). Let f be a weakly complete flat front in H^. // the 
ratio of canonical forms p of f omits more than three values, then f must be congruent 
to a horosphere or a hyperbolic cylinder. 

Proof. In Theorem 12.21 if p does not take a value aj, then we may set ruj = cxo in 
(12. ip . and if p omits all values aj {I < j < q), (12.11) means q > 3, which is the case of this 
result. □ 

The number "three" is sharp because there exist examples in Proposition 11.21 As 
an application of this corollary, we give a simple proof of the classification of complete 
nonsingular fiat surfaces in H^. 

Corollary 3.5 ([20], [21]). Any complete flat surface in must be congruent to a 
horosphere or a hyperbolic cylinder. 



Proof. Because a flat surface has no singularities, the complement of the image of p 
contains at least the set {\p\ = 1} C CU{oo}. On the other hand, Kokubu, Umehara and 
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Yamada [T3j Corollary 3.4] proved that a complete flat surface in is also weakly com- 
plete. Therefore, by Corollary 13.41 it must be congruent to a horosphere or a hyperbolic 
cylinder. □ 
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